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Abstract 

Time-dependent integrals of motion which are linear forms in position and mo- 
mentum are discussed for Husimi parametric forced oscillator. Generalization of these 
integrals of motion for q-oscillator is presented. Squeezing and quadrature correlation 
phenomena are discussed on the base of Schrodinger uncertainty relation. The proper- 
ties of the generalized correlated states, squeezed states, even and odd coherent states 
(the Schrodinger cat states) are reviewed. The relation of the constructed nonclassical 
states to representations of the symplectic symmetry group and finite symmetry groups 
is discussed. 



1 Q-invariant of Parametric Oscillator 

Husimi has considered forced parametric oscillator described by the Schrodinger equation 

where we take H — m = u(0) = 1. In the references the Gaussian packets and analogs of 
oscillator number states have been found as well as Green function and transition amplitudes 
between the energy levels in a form of series. In 0, the integrals of motion which are 
linear forms in position and momentum operators have been found and used to rederive the 
Husimi solutions. The review of the approach has been given in Q, [[J. 

In this talk for the Husimi parametric oscillator we find integrals of motion which satisfy 
the commutation relations of q-oscillator M, |J7], i.e. the quantum Heisenberg-Weyl group 
is shown to be the dynamical group of this oscillator. In ||, |J the possibilities to interprete 
the q-oscillator as nonlinear oscillator with specific exponential dependence of its frequency 
on the amplitude has been suggested. Using the construction of even and odd coherent states 



lOll interpreted in quantum optics as Schrodinger cat states jO]] we discuss the properties 
of these states for the Husimi parametric oscillator. 

For symplicity of presentation we take f(t) = 0. Then the time-dependent operator 

A= : j=[e(jt)p-i(t)x], (2) 

where 

e(t) + uj 2 (t)e(t) = 0, e(0) = 1, e(0) = i (3) 
is the integral of motion || satisfying the commutation relation 

[A, A\] = 1. (4) 



One can easily check that the time-dependent operator 



/ sinhAAfA 

^-^V^sinhA' (5) 

where A = lng, is the integral of motion of the parameteric oscillator satisfying the commu- 
tation relation 

A q A q \ - qA q \A q = q-W (6) 

It means that operators A q (A g \) corresponding to q-oscillators due to these commutation 
relations determine the dynamical symmetry of the parametric oscillator and all the states of 
the oscillator are the basis of the irreducible representation of q-deformed Heisenberg-Weyl 
group. 



2 Correlated and Squeezed State 

It was shown in || that some Husimi packet solutions may be interpreted as coherent states 
| 12| since they are eigenstates of the operator A (2) of the form 

T , t / \ r H 2 a 2 e*(t) \/2ax, 

tf a (x, t) = * (x, t) exp{-^ + — — }, (7) 

* (x ) *) = 7r- 1 /* £ ( f )-^exp!^ (8) 

is analog of the ground state of the oscillator and a is a complex number. The variances of 
the position and momentum of the parametric oscillator in the state (8) are 



where 



°x = ~ , <T p = , (9) 



and the correlation coefficient of the position and momentum has the value corresponding 



to minimization of the Schrodinger uncertainty relation [13| 



Due to this the state (7) is a correlated coherent state introduced in |H|. For different 



dependences of frequency on time there may appear phenomenon of squeezing, i. e. 

cr x < 1/2. (11) 
The orthonormal number states of parametric oscillator 

= vI/ (x,t)-^(|)"/ 2 iJ n (^) (12) 



are eigenstates og the integral of motion A] A. For the Husimi oscillator the q-coherent 
states || may be easily constructed as normalized eigenstates of the integral of the motion 
A q (5) in the form 

*i 9) =^E— (13) 



n=0 



where [n\] = [n][n — 1] • • • [1], [0!] = 1 and [n] = sinh Xn/ sinh A. The normalization 
constant is 



\2n 



^ = (E^n-r 1/2 (14) 



n=0 I™ 



The function (13) satisfies the Schrodinger equation (1), and it is eigenfunction of the q- 
oscillator operator A q . In [§], || it was shown that if the q-oscillator describes a nonlinearity 
of classical electromagnetic field vibrations (q-nonlinearity) at high amplitudes the blue shift 
effect must exist. It is the effect of shifting the light frequency versus the light intensity which 
may serve for evaluating an upper limit for the parameter of nonlinearity A. 



3 Squeezed Schrodinger Cats 

Another normalized solution to the Schrodinger equation (1) 

/ x „, T t / \ r l«l 2 e*(t)a 2 , , \f2ax , . 

^ am {x, t) = 2N m ^ {x, t) exp{-^ 2e{t)~^ ~eW' 

where 

exp(H 2 /2) 

N m = — . (16) 
2a/cos1i \a\ 2 



is the even coherent state jTO] (the Schrodinger cat male state). The odd coherent state of 
the parametric oscillator (Schrodinger cat female state) 



\a\ 2 e*(t)a 2 . \/2ax 



* af (x,t) =2N f ^ (x,t)exp{-^ -^-jsinh-^, (17) 



where 



N f 



exp(|a| 2 /2) 
2A/sinh \a\ 2 



satisfies the Schrodinger equation (1) and is the eigenstate of the integral of motion A 2 
(as well as the even coherent state) with the eigenvalue a 2 . The even and odd coherent 
states are ortogonal each to other. A multimode generalization of the even and odd coherent 
states has been introduced in HT5| . The properties of multimode Schrodinger cat states, the 



coherent components of which are subjected to parametric excitation, are discussed in [TB 
The even and odd coherent states are the partial case of a set of nonclassical states discussed 
in |17||. They may be used as alternative to squeezed vacuum states in gravitational wave 



antenna to improve its sensitivity [IS 



The multimode generalization of the Husimi parametric oscillator has been considered 
in [IHJ. The linear in position and momentum integrals of motion have been constducted 



and generalized correlated states [EDj in the form of Gaussian packets have been found 
explicitly. It is interesting to note that for multidimensional parametric oscillator the linear 
integrals of motion of the type A (2) and their quadratic forms constitute the Lie algebra 
of the inhomogeneous symplectic group. Thus, the solutions to Schrodinger equation for 
the multimode parametric oscillator form the basis for irreducible representation of this 
symplectic group. The remark made for one-mode case on the existence of q-deformed 
dynamical algebra may be extended to the multimode parametric oscillator, too. Thus, 
the solutions of the Schrodinger equation for multimode parametric oscillator may be also 
considered as a basis of the irreducible representation for a q-deformed symplectic group. 

The construction of the even and odd coherent states made in |I0| used the representation 
of the inversion group for which even states realize the symmetric irreducible representation 
and odd states realize the antisymmetric one. Generalization of this construction to higher 



crystallographic groups for introducing the crystallized Schrodinger cat states is done in [21 



4 Mulivariable Hermite Polynomials 

For Husimi parametric forced oscillator the transition amplitude between its energy levels 
has been calculated as overlap integral of two generic Hermite polynomials with a Gaussian 
function (Frank-Condon factor) and expressed in terms of Hermite polynomials of two vari- 
ables ||. For N-mode parametric oscillator the analogous amplitude has been expressed 
in terms of Hermite polynomials of 2N variables, i. e. the overlap integral of two generic 
Hermite polynomials of N variables with a Gaussian function (Frank-Condon factor for a 



polyatomic molecule) has been evaluated in |19| . The corresponding result uses the formula 



(n = m, n 2 , • • • n N, m= m 1 , m 2 , ■ ■ ■ m N , m iy Ui = 0, 1, • • •) 

r N/2 



r it 1 i l 1 

/ (Ax + d) exp(-xmx + cx)dx = —= exp(-cm- 1 c) J ff^>(y), (19) 

J v det m 4 

where the symmetric 2Nx2N-matrix 



with NxN-blocks R±, R 2 , R\ 2 is expressed in terms of NxN-matrices R, r, m and a 
NxN-matrix A in the form 

Ri — R — -Rm~ x R 
2 

R 2 = r rAm~ 1 Ar 

2 

R 12 = —rAm^R. (21) 

Here the matrix A is transposed matrix A and i? 12 is transposed matrix i? 12 . The 2N-vector 
y is expressed in terms of N-vectors c and d in the form 

(22) 




where the N-vectors yi and y 2 are 

yi = -(Rm' 1 + m~~ 1 R)c 

y 2 = i(rAm _1 + m' 1 Ar)c + d. (23) 
The multivariable Hermite polynomials describe the photon distribution function for the 



multimode mixed and pure correlated light [22], [23], [E4J . The nonclassical state of the 



light may be created due to nonstationary Casimir effect [pqj , and the multimode Husimi 
oscillator is the model to describe the behaviour of the squeezed and correlated photons. 
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